Gravitational wave emission by the high braking index pulsar PSR
  J1640-4631 by de Araujo, José C. N. et al.
Prepared for submission to JCAP
Gravitational wave emission by the
high braking index pulsar PSR
J1640-4631
José C. N. de Araujo Jaziel G. Coelho, Cesar A. Costa
Divisão de Astrofísica, Instituto Nacional de Pesquisas Espaciais, Avenida dos Astronautas
1758, São José dos Campos, 12227–010 SP, Brazil
E-mail: jcarlos.dearaujo@inpe.br, jaziel.coelho@inpe.br, cesar.costa@inpe.br
Abstract. Recently, a braking index for the pulsar PSR J1640-4631 has been measured.
With a braking index of n = 3.15 ± 0.03, this pulsar has the highest braking index ever
measured. As it is well known, a pure magnetic dipole brake yields n = 3, whereas a pure
gravitational wave (GW) brake yields n = 5. Therefore, each of these mechanisms alone can
not account for the braking index found for PSR J1640-4631. Here we consider in detail that
such a braking index could be accounted for if the spindown model combines magnetic dipole
and GW brakes. Then, we briefly discuss the detectability of this pulsar by aLIGO and the
planned Einstein Telescope. In particular, we show that the amplitude of the GW that comes
from our model is around a factor four lower than the amplitude modeled exclusively by GW
energy loss. Another interesting outcome of our modeling is that it is possible to obtain the
ellipticity from the braking index and other pulsar parameters.
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1 Introduction
One hundred years after being predicted and decades of experimental efforts, the gravitational
waves (GWs) have been finally detected [1]. A signal was observed by the LIGO detectors
and comes from the coalescence of a binary black hole system. Besides the binary systems
composed of compact stars, there are many other sources of GWs, among them the pulsars
(spinning neutron stars) that could well be detected in the near future.
The so called braking index, which is closely related to the pulsar’s spindown, can
provide information about the energy loss of these objects. Until very recently, only eight
of ∼ 2400 known pulsars have measured braking indices with values ranging from 0.9 ± 0.2
to 2.839 ± 0.001 [see e.g., 2–8]. The magnetic dipole assumption predicts a braking index
n = 3. Several interpretations of the observed braking indices have been put forward, like the
ones that propose either accretion of fall-back material via a circumstellar disk [9], relativistic
particle winds [10, 11], or modified canonical models to explain the observed braking index
ranges [see e.g., 12–14], and references therein for further models). Alternatively, it has been
proposed that the so-called quantum vacuum friction (QVF) effect in pulsars can explain
several aspects of their phenomenology [15–17]. However, no model has been developed yet
that explains satisfactory all measured braking indices, nor any of the existing ones has been
totally ruled out by current data. Therefore, energy loss mechanisms for pulsars are still
under debate.
Recently, Archibald et al. [18] showed that the PSR J1640-4631 is the first to have a
braking index greater than the canonical value (three), n = 3.15± 0.03. PSR J1640-4631 has
a spin period of P = 206 ms and a spindown rate of P˙ = 9.758(44) × 10−13 s/s, yielding a
spindown power E˙rot = 4.4×1036 erg/s, and inferred dipole magnetic field B0 = 1.4×1013 G.
This source was discovered using X-ray timing observations from NuStar and a measured
distance of ∼ 12 kpc [see 19].
It is worth noticing that LIGO and VIRGO have released their results on the search
for continuous GWs putting forward upper limits for the sources ellipticities [20–22]. Their
results show that the typical ellipticity would be ε < 2×10−5. Moreover, as already mentioned,
aLIGO (advanced LIGO) has just completed its first observational run (O1) and observed the
first GW transient [1]. Now ∼ 4 months are being analyzed and new results for the search
for continuous signals might be released soon, according to one of the authors of this article,
Cesar A Costa, who is also member of the LIGO Collaboration.
In this paper, we are concerned about PSR J1640-4631 in two different ways: i) the
electromagnetic emission of a neutron star derived from its rotational kinetic energy, and
its spindown is usually measured in terms of a braking index, n, which is dependent on
the magnetic field configuration; ii) on the other hand, pulsars can also spindown through
gravitational emission associated to asymmetric deformations. The observed rotational energy
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loss provides a huge reservoir of energy, along with magnetic dipole radiation some fraction
of this reservoir is dissipated through GW emission [see e.g., 23, 24].
Also, the recently braking index n = 3.15 measured for the rotationally powered pulsar
PSR J1640-4631 reignites the question about the fundamental energy loss mechanisms of the
pulsars. Our interest in this work is to revisit the issue of the gravitational and electromagnetic
contributions in the context of pulsars with putative n > 3. This paper is organized as
follows. In the next section we revisit the fundamental energy loss mechanisms for pulsars.
We also derive its associated energy loss focusing mainly on the energy balance and model
self-consistency when both gravitational and classic dipole radiation are responsible for the
PSR J1640-4631 spindown. In Section 3, we summarize the main conclusions and remarks.
We work here with Gaussian units.
2 The energy balance of PSR J1640-4631
As already mentioned, we consider that the main energy loss sources of PSR J1640-4631 (or
any other putative pulsar with n > 3) are magnetic dipole brake and GW emission.
Recall that if the pulsar magnetic dipole moment is misaligned with its spin axis by an
angle φ, the energy emitted per second by a rotating magnetic dipole reads [see e.g., 25, 26],
E˙d =
16pi4
3
B20R
6 sin2 φ
P 4c3
, (2.1)
where B0 is the mean surface magnetic field of a star of radius R and rotational period P .
Spinning neutron stars which possess asymmetric deformations emit GWs. More pre-
cisely, a spheriodal body with moment of inertia, I, and equatorial ellipticity, , emits GWs.
In this case, the energy loss via GW emission reads [see e.g., 27]
E˙GW =
2048pi6
5
G
c5
I22
P 6
. (2.2)
An absolute upper limit on the GW strain from isolated pulsars, known as the spindown
limit, can be calculated assuming that the observed loss of rotational energy (E˙rot = IΩΩ˙)
is all going into gravitational radiation, i.e. E˙GW [see, e.g., 28]. Instead, we consider in this
paper that the total energy emitted by the star is provided by its rotational counterpart,
Erot = IΩ
2
rot/2, and any change on it would be attributed to both E˙d and E˙GW, namely
E˙rot ≡ E˙GW + E˙d. (2.3)
Since Ωrot = 2pi/P , it follows immediately that
Ω˙rot =
32
5
G
c5
I2Ω5rot +
1
3
B20R
6 sin2 φ
Ic3
Ω3rot. (2.4)
This equation can be interpreted as follows: the term on the left side stands for the resulting
deceleration (spindown) due to the emission of GWs and the magnetic brakes, the first and
second terms on the right side represent the independent contributions of each one of these
processes. The above equation can be conveniently rewritten as follows
Ω˙rot = Ω˙GW + Ω˙d. (2.5)
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It is useful to define the fraction of deceleration (η) related to the GW emission, namely
η =
Ω˙GW
Ω˙rot
. (2.6)
Substituting the appropriate quantities one has
η =
1
1 + 5384
c2B20R
6 sin2 φ
Gpi2I22
P 2
. (2.7)
Notice that the above definition implies that Ω˙GW = ηΩ˙rot. Thus η can also be interpreted
as the fraction of the power lost by the pulsar in the form of GWs, or also the efficiency of
generation of GWs. It is appropriate to rewrite the equation for η in terms of the braking
index, that is given by
n =
Ωrot Ω¨rot
Ω˙2rot
. (2.8)
Before proceeding it is worth recalling that a pure magnetic brake, in which a dipole
magnetic configuration is adopted, gives n = 3, whereas a pure GW brake gives n = 5.
Therefore, neither a pure GW brake nor a pure magnetic dipole brake are not supported
by the observations. On the other hand, a combination of both processes of energy loss
considered in the present paper could account for the braking index of, for example, PSR
J1640-4631 (or any other putative pulsar with n > 3).
Substituting equation 2.4 and its derivative in equation 2.8 one has
n = 3 +
2
1 + 5384
c2B20R
6 sin2 φ
Gpi2I22
P 2
. (2.9)
This equation naturally leads to values of the brake indices 3 ≤ n ≤ 5. Notice that
combining equations 2.7 and 2.9, one obtains
η =
n− 3
2
. (2.10)
Therefore, η is directly related to the observable quantity n. An immediate consequence
thereof is that
Ω˙GW = ηΩ˙rot =
(n− 3)
2
Ω˙rot. (2.11)
Since the angular velocity is directly related to f˙rot, the above equation can be rewritten in
the following form
˙¯frot =
(n− 3)
2
f˙rot, (2.12)
where we can interpret ˙¯frot as the part of f˙rot that contributes to the generation of GWs.
Now, we consider how the amplitude of the GWs for pulsars with n < 5 can be calculated.
Recall that one usually finds in the literature the following equation
h2 =
5
2
G
c3
I
r2
|f˙rot|
frot
(2.13)
[see, e.g., 28], where the whole contribution to f˙rot comes from the GW emission, i.e., its
implicitly assumed that n = 5. This equation must be modified to take into account that
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n < 5. To do so the equation for the amplitude of the GW can be written in the following
form
h¯2 =
5
2
G
c3
I
r2
| ˙¯frot|
frot
=
(n− 3)
2
h2, (2.14)
where equation 2.12 was substituted in the last equality.
From the above equation one has for PSR J1640-4631 that h¯ ' 0.27h, i.e., almost a factor
of four lower than the amplitude found when one assumes that the energy loss is completely
given by GW emission. Notice that in the present case, since n = 3.15, η = 0.075, which
means that the GW luminosity would be 7.5% of the total power lost (E˙rot).
In addition, starting from
h =
16pi2G
c4
If2rot
r
(2.15)
[see, e.g., 27] and equation 2.14, one readily obtains an equation for  in terms of n, P , P˙
(observable quantities) and I, namely
 =
√
5
1024pi4
c5
G
P˙P 3
I
(n− 3). (2.16)
Notice that this model predicts that the ellipticity would be a factor of
√
(n− 3)/2 smaller
than that when one assumes that the energy loss is given only in terms of GW emission.
Assuming that I ≈ 1038 kg m2 (fiducial) and substituting the values of n, P , P˙ for PSR
J1640-4631, we obtain  ' 4.8 × 10−3. One may wonder if such a high ellipticity could be
justifiable without considering exotic models. Whether it is not possible to explain such a
figure appropriately, this could be an indication that other mechanisms, apart of GW and
dipole magnetic brakes must necessarily be considered. As a consequence thereof it could well
occur that η  0.075 implying that  10−3, or vice-versa.
Anyway, it is interesting to see if either aLIGO or the planned Einstein Telescope (ET)
could detect PSR J1640-4631, in the context here studied. In figure 1 we show the strain
for PSR J1640-4631 using equations 2.13 (star) and 2.14 (square) and the strain sensitivities
curves for aLIGO and ET for one year of integration time [29, 30]. This pulsar emits GWs
at fGW = 2/P ' 9.7 Hz, where aLIGO is not sensitive enough to detect it even for one year
of integration time. On the other hand, ET, for the same integration time, could well detect
it. Notice that the cloud of dots represents the strain calculated by equations 2.13 for 1880
pulsars from ATNF Pulsar Catalog.
3 Summary
In this paper we model the PSR J1640-4631 spindown by means of a combination of energy
loss mechanisms which includes GW emission and magnetic dipole brake. We have shown
that with this modeling it could be possible to account for this pulsar braking index. But, in
this case it is mandatory to explain how it is possible that a pulsar have such a high ellipticity.
Concerning the detectability of PSR J1640-4631 via its putative gravitational emission,
we conclude that aLIGO, even for one year integration time, would not observe it. On the
other hand, since the planned ET is more sensitivity than aLIGO at such frequency, it would
be able to detect PSR J1640-4631 with the appropriate integration time. Bearing in mind
the high ellipticity implicit in this calculation.
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Figure 1. Strain sensitivities for aLIGO and ET for one year of integration time and the strain
amplitudes for PSR J1640-4631 using equations 2.13 (star) and 2.14 (square). The cloud of dots
represents 1880 pulsars with strain calculated by 2.13 [found in 31].
An interesting question that deserves to be appropriately addressed has to do with the
modeling of all other eight pulsars with accurately measured braking indices. Due to their
dynamic nature, pulsars should always present important temporal changes in quantities other
than P , such as B0 and φ. Moreover, since the pulsars’ ellipticities are very likely non null,
the contribution of the GW brake needs necessarily to be considered. We argue that, no
matter what are the other mechanisms considered in order to explain the measured braking
index, the GW contribution must necessarily be taken into account.
Last, but not least, a model that takes into account, besides the GW and the magnetic
dipole brakes, B0 and φ dependent on time, could also provide a picture in which the braking
index of PSR J1640–4631 could be explained without the need of such a high ellipticity. These
issues are part of a study to appear elsewhere.
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